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Near-Wall Turbulence Models
for Complex Flows Including Separation

H. C. Chen* and V. C. Patelf
The University of Iowa, Iowa City, Iowa

Results of a computational experiment designed to investigate the performance of different near-wall treatments
in a single turbulence model with a common numerical method are reported. The complete fully elliptic, Reynolds-
averaged Navier-Stokes equations have been solved using a low-Reynolds-number model, a new two-layer model, and
a two-point wall-function method, in thek-s turbulence model, for the boundary layer and wake of two axisymmetric
bodies. These tests enable the evaluation of the performance of the different approaches in flows involving longitudinal
and transverse surface curvatures, streamwise and normal pressure gradients, viscous-inviscid interaction, and sepa-
ration. The two-layer approach has been found to be quite promising for such flows and can be extended to other
complex flows.

I. Introduction

THE overall success of all modern turbulence models, in
internal as well as external flows, is determined in large

measure by the treatment of the boundary conditions at solid
walls. The popular wall-function method, which is based on the
assumed universality of the law of the wall and the related
concept of turbulence in equilibrium, completely avoids the
solution of the equations of motion and turbulence model in
the wall region. This approach has been utilized in the well
known k-z model, and in the more elaborate Reynolds-stress
closure models, even in flows where the continued validity of
the underlying physical assumptions becomes questionable.
For example, the notion of the law of the wall, and the assump-
tion that all turbulence quantities can be specified in terms of
the friction velocity, fail at and beyond separation since the
flow in the neighborhood of the wall is no longer controlled by
the wall shear stress. Similarly, in three-dimensional flows, the
law of the wall provides, at best, only the magnitude of the
velocity, leaving its direction to be determined by other means.
Quite arbitrary computational expedients have to be intro-
duced to overcome these fundamental problems in the applica-
tion of wall functions to complex practical flows.

An alternative to the use of wall functions is to employ
turbulence models which are valid all the way to the wall. From
a critical evaluation of many such "low-Reynolds-number" or
"near-waif extensions of two-equation turbulence models,
Patel et al.1 concluded that none was entirely successful in
predicting the essential and well-documented features of the
flow close to a solid wall even in the relatively simple case of
two-dimensional, attached, steady flows. Their use in more
complex flows, therefore, introduces uncertainties in addition
to the numerical difficulties of accurately resolving the large
gradients of the two-turbulence transport parameters.
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Thus, there exists a need for a more general, and yet
practical, approach to the problem of accurately resolving the
near-wall region in flows involving three dimensionality, un-
steadiness, and separation. In the present study, we explore an
approach that is intermediate in complexity to the wall func-
tion method, on the one hand, and the low-Reynolds-number
models, on the other.

Herein, we pursue further the two-layer modeling concept
considered by the authors in Ref. 2. There, a simple alge-
braically prescribed eddy-viscosity model for the wall region
was coupled to the k-e, model for the outer flow to describe the
details of the flow in the immediate vicinity of the trailing edge
of a flat plate. While this approach was quite successful for that
particular problem, and could be extended to certain other
types of flows, it suffers from the disadvantage that the inner
layer is still described in terms of the friction velocity. Conse-
quently, that approach cannot be used for separated flows and
cannot be readily extended to unsteady or three-dimensional
flows. However, the feasibility of coupling a simple, but more
reliable, turbulence model for the flow close to the wall with a
more general model for the flow beyond was established. This
two-layer approach is also attractive from a practical stand-
point. Since the momentum and continuity equations are
solved up to the wall, it provides the means to include the
complexities noted above without invoking wall functions.
Second, the physical uncertainties of near-wall turbulence
models and the numerical difficulties of resolving the very large
gradients of turbulence parameters are alleviated by reducing
the number of turbulence-model equations to be solved in the
sublayer and the buffer region.

A general numerical method for the solution of the fully
elliptic Reynolds-averaged Navier-Stokes equations, developed
by the authors3'4 is used in conjunction with the low-Reynolds-
number and two-layer models to evaluate the relative merits of
different treatments of the near-wall flow. In particular, one of
the more promising two-equation low-Reynolds-number mod-
els identified in Ref. 1, namely that of Lam and Bremhorst,5
and a two-layer model, which combines the standard k-s model
with the one equation model of Wolfshtein6 in the near-wall
region, are used to calculate unseparated and separated flows
over the tail and in the wake of two elongated bodies of revo-
lution for which experimental data were obtained by Huang et
al.7'8 The results are also compared with those obtained with
the two-point wall-function method of Chen and Patel.3
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II, Equations and Calculation Method
The details of the general numerical method developed for

the solution of three-dimensional turbulent shear flows with a
wall-function approach are described in Ref. 3, and its applica-
tion to the solution of the fully elliptic, Reynolds equations for
the flow in the boundary layer and wake of a flat plate is
considered in Ref. 2. Consequently, we outline here only the
equations and solution procedures as they are adapted for the
study of near-wall turbulence models in the flow over axisym-
metric bodies.

Equations
The exact Reynolds-averaged equations of continuity and

momentum for unsteady, incompressible axisymmetric mean
flow in cylindrical polar coordinates (;c,r,0)are

dU 1 d
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r dr (1)
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where

(U,V) are the mean velocity components in the (jc,r) direction,
(u,v,w) are the fluctuating velocity components in the (jt,r,0)
directions, respectively, ris time, p is pressure, and R = U0L/v
is the Reynolds number, in which U0 is the freestream velocity,
L is the body length, and v is the kinematic viscosity. All quan-
tities in the above equations are made dimensionless using U09
L and density p in the usual way.

V\ 1- ww = v. ( 2 — I — - k1 r I 3
— dU d'V-uv = v

(4c)
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where k = (uu + vv.+ ww)/2 is the turbulent kinetic energy.
The governing equations (1-3) then become

dU 1 d
+ox r or (5)
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where

R R

These equations can be solved for (U,V,p) when a suitable
turbulence model is employed for the eddy-viscosity distribu-
tion. We shall use the k-£ model for this purpose. In this model,
v, is related to the turbulent kinetic energy k, and its rate of
dissipation 8, by

(8)

and k and s are obtained from the transport equations

dr J dr
_

dt \ ak dx J dx

(9)

Turbulence Models
In the present study, the Reynolds stresses are related to the

corresponding mean rates of strain through an isotropic eddy-
viscosity v,,

(4a)

(4b)

dt

where

dxj dx \ de dr J dr

(10)
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-—AFTERBODY 5 -

Fig. 1 Notation and solution domain.

and

fdU\2 fdV
^- +2hr-{dxj \dr

is the rate of production of k, (C^, Cel, C£2, vk> ae) are constants
whose values are (0.09, 1.44, 1.92, 1.0, 1.3), and/^,/1? and/2 are
damping functions which are discussed below.

In the wall-function approach, the transport equations [Eqs.
(9) and (10)] are solved, with/,, =/j =/2 = 1, only in the fully
turbulent region beyond some distance from the wall. The nec-
essary boundary conditions, namely the velocity components
and turbulence parameters, at that distance are usually ob-
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tained from a separate analysis of the flow in the sublayer and
buffer region using the logarithmic law of the wall and the
associated equilibrium relations:

1

k =

(11)

(12)

(13)

where UT = ^/T^/pC/o *s tne friction velocity, iw the wall shear
stress, y+ = RUTy, y the normal distance from the wall, q the
magnitude of the velocity, K = 0.418 the von Karman constant,
and B = 5.45. The two-point wall-function approach adopted
by the authors is somewhat different from the usual practice in
two respects. First, following Patel,9 the effects of pressure
gradients on the flow in the wall region are taken into account
by the use of a generalized form of the law of the wall,

Ur K\ |_AT(1 + ATj + )1/2-f 1J

- 1] + B + 3.7A (14)

in which A^ = Vp/(RUl) is a pressure-gradient parameter and
AT is a similar stress-gradient parameter which is assumed to be
0.5 Ap. Second, we ensure that the first two near-wall grid points
lie within the fully turbulent layer and explicitly satisfy Eq. (14)
at both. An iterative solution of this equation then provides the
values of Ur and q, required to establish the boundary condi-
tions, without any analysis of the flow in the sublayer and the
buffer region. Further details of this two-point wall-function
method are given in Refs. 2 and 3.

While the wall-function method has been found to be quite
satisfactory for a range of attached two-dimensional and
axisymmetric flows, it is not suitable for separated flow and its
extension to three-dimensional and unsteady flows requires ad-
ditional assumptions which are not substantiated by experi-
ment or theory. For all such cases, therefore, it is necessary
to resolve the flow all the way to the wall. Patel et al.1 have
reviewed and evaluated several such near-wall, or low-
Reynolds-number, extensions of two-equation turbulence
models within the context of steady, two dimensional
boundary layers in pressure gradients. Most of these are based
on the k-s model and differ from one another in the damping
functions/^,/! and/2 introduced in Eqs. (9) and (10).

In the present study, we have selected one of the more suc-
cessful of these models, namely that of Lam and Bremhorst,5 to
examine its performance in the prediction of separation and
separated flows, and to compare it with a simpler alternative.
The damping functions in this model are

^ (ISa)

(15b)

(15c)

where Ry and RT are the turbulence Reynolds numbers

Ry = R^/ky, RT = Rk2/£ (16)

The constants in Eqs. (15) are somewhat different from those
quoted by Lam and Bremhorst, the values used here being
those recommended by Rodi et al.10 It is noted that two of the
damping functions depend explicitly upon the normal distance
y from the wall. This is obviously not appropriate for describ-
ing the gradual destruction of the sublayer in the near wake. In
order to model correctly the transition from a near-wall sub-

layer to a fully turbulent wake, the damping functions need to
be restored gradually to unity through the very near wake.
While we recognize this subtlety, we note that the resolution of
the linear inner wake is not particularly critical in the cases
treated here, and, therefore, we simply assume that the flow
becomes fully turbulent in the wake and sety^ =/, =/2 = 1.

As an alternative to the low-Reynolds-number turbulence
models of the type described above, we consider a two-layer
model which combines the standard k-£ model with a simpler,
but more reliable one-equation model to resolve accurately the
flow near a solid wall. In this approach, the flow domain is
divided into two regions as shown in Fig. 1. Region I includes
the sublayer, the buffer layer, and a part of the fully turbulent
layer. The one-equation model of Wolfshtein6 is employed in
this region to account for the wall proximity effects, whereas
the standard k-?, model is used in region II. Unlike the low-
Reynolds-number models that require the solution of the trans-
port equations of both k and £ all the way to the wall, the
one-equation model requires the solution of only the turbulent
kinetic energy equation in region I. The rate of energy dissipa-
tion in this region is specified by

where the eddy-viscosity is obtained from

(17)

(18)

where the length scales IM and /s contain the necessary damp-
ing effects in the near-wall region in terms of the turbulence
Reynolds number Rv:

(19b)

Note that both /^ and /e become linear, and approach
with increasing distance from the wall. In the present study,
is given by

->-3/4
^ n (20)

to ensure a smooth eddy-viscosity distribution at the junction
of regions I and II. In addition, Ae = 2.Q is assigned so as to
recover the proper asymptotic behavior

£ = (2vk/y2) (21)

in the sublayer. The third parameter, A^ = 1Q, is determined
from numerical tests to recover the additive constant, B = 5.45,
in the logarithmic law in the case of a flat plate boundary layer.
In view of the above procedures, these constants are somewhat
different from those reported in Wolfshtein6 and Launder.11 In
region II, beyond the near-wall layer, the standard k-s model is
employed to calculate the velocity field as well as the eddy
viscosity. As noted earlier, the standard model represents a
special case in which the three damping functions are set equal
to unity.

It should be remarked here that the two turbulence Reynolds
number Rv and RT depend only on the local turbulence inten-
sity. In particular, the wall shear stress rw is not involved. Both
Ry and RT vary relatively slowly along lines parallel to the wall
(y = const), do not vanish at separation, and remain well-
defined in regions of flow reversal. Consequently, the damping
effects decay rapidly with distance from the wall regardless of
the magnitude of the wall shear stress. Because the damping
effect is confined to the near-wall region, the matching between
the one-equation and the standard k-8 models in the two-layer
approach can be carried out along preselected grid lines, even
for complex flows involving separation. In the present applica-
tions, the match boundary is chosen along a grid line where the
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——— Afterbody 5
——Afterbody 3

Fig. 2 Tail geometry of the bodies.

minimum Ry is of the order of 250, so that the damping effects
are negligible. This ensures a smooth eddy-viscosity distri-
bution across the match boundary. Several other match
boundaries were also tested, and the results were found to be
insensitive to their location, provided the minimum value of Ry
was greater than 200.

Coordinates and Numerical Grid
The governing equations are transformed into numerical co-

ordinates (£,?f) which are defined by the two Poisson equations

V2// =/2 (22)

where/1 and/2 are grid-control functions selected to obtain a
desired distribution of grid points in the physical (x,r) space. In
the present calculations, these functions were determined by
the specified boundary node distributions. The numerical grid
is generated by the solution of the inverted forms of Eq. (22),
i.e.,

(23)

where

= r2(x2+r2)/g

g22=
l2=

g =

In the numerical coordinates, the continuity equation
becomes

(!//)[(/> 1 U + b\V\ + (b\U + b\V\\ = 0 (24)

and the transport equations of momentum [Eqs. (6) and (7)]
and turbulence [Eqs. (9) and (10)] can be written in the form

1 Z 3 4 5
IbgyR

a) Velocity profiles

0.6 0.7 0.8 0.9 1.0 i.i 1.3
X

b) Pressure distribution

Fig. 3 Grid dependence with two-layer model.

solved analytically by the method of separation of variables.
The boundary conditions required in this solution are ex-
pressed as combinations of linear and exponential functions
involving the unknown nodal values. Evaluation of the ana-
lytic solutions at the interior node then provides a 10-point
discretization formula of the form

1

(26)

where

= e~BkCsc = PAI(2 coshBk)

Cp=h(l-PA)l(2AcothAh)

= k(l-PB)/(2BcothBk)

PA = 4Ah coshAh coshBk cothAh

(25)

where </> = U, V,k,&. The Jacobian J of the transformation, the
associated geometric coefficients &j, the coefficients A^ and B^
and the source functions 5$ are all given in Ref. 3.

Numerical Techniques
The grid-generation equation [Eq. (23)] is solved by an expo-

nential finite-difference scheme. The four transport equations
(25) are solved by the finite-analytic scheme. In this latter ap-
proach, Eq. (25) is first linearized in each local element
(A£ = A?/ = 1) by evaluating the coefficients A^ and B$ at an
interior node point P. The resulting linear equation is then

. i [(Ah)2 2 coshjA2 + B2

Bh coihBk

A =

the subscripts denote east-central (EC), northeast (NE), etc., T
the time step, and the superscript (n — 1) denotes the values at
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the previous time step. For large-cell Reynolds number Ah
and/or Bk, the series summation for PA can be avoided by the
following asymptotic expressions:

Ak cothAh ^ Bh cothBk:

PA= 0,PS = l-(Bh cothBk)/(Ak cothAh) (27a)

Ak cothAh < Bh cothBk:

PB = Q,pA = 1 -(Ak cothAh)/(Bh cothBk) (27b)

Equation (26) is employed to solve the transport equation,
Eq. (25), assuming that the pressure field is known. The pres-
sure is then updated by a two-step, global pressure-solution
procedure, similar to the SIMPLER algorithm of Patankar,12

which ensures the satisfaction of the equation of continuity.24

As noted earlier, details of the numerical method are given in
Ref. 3.

III. Results and Discussion
Calculations have been performed for several different

axisymmetrie bodies for which detailed experimental data are
available. Here, however, we shall present the results for only
two cases, namely afterbody 5 and afterbody 3 tested by Huang
et al.7'8 to illustrate the performance of the different near-wall
treatments. The two bodies have the same parallel middle body
and a streamlined forebody, as shown in Fig. 1, but the model
with afterbody 3 has a longer total length. Figure 2 shows the
two afterbodies. It is seen that both contain points of inflection
and quite dramatic changes in surface curvature. These induce
strong favorable and adverse pressure gradients over the stern
and in the region of the propeller hub. In the case of afterbody
3, the pressure gradients are such as to lead to a small separa-
tion bubble around the inflection point. Together, the two
cases enable us to evaluate the general performance of the
different near-wall treatments with the same turbulence model
in flows involving large longitudinal and transverse curvatures,
strong pressure gradients associated with these curvatures, and
a separation bubble.

Attached Turbulent Flow: Afterbody 5
The calculations with the low-Reynolds-number and the

two-layer models for afterbody 5 were performed at the exper-
imental Reynolds number of R = 9.3 x 106. Sixty axial stations
were used in the domain 0.6 < x < 13.20, where x is measured
along the axis of the body from the nose. In the radial direc-
tion, 27 points were used between the body surface r — rs and
the external boundary r = r0 = 3.48 (see Fig. 1). The match
boundary for the two-layer model was located along the grid
line q = 12, and the first grid node (rj = 2) was located in the
sublayer at y+ ~ 0.2. In the calculations using the two-point
wall-function approach, a 60 x 18 grid, obtained simply by
deleting the innermost nine radial grid lines of the previous
case, was employed. In this case, the first grid line was located
at y+ values ranging from 60 to 100. For simplicity, standard
flat-plate boundary-layer profiles were specified at the up-
stream station x = 0.6 for all calculations. The calculations
using the two-layer and wall-function approaches were started
with an initial condition of zero pressure everywhere, the initial
conditions for velocity and turbulence quantities being ob-
tained by a parabolic marching technique, similar to that de-
scribed in Ref. 3. In the two-layer calculations, satisfactory
convergence was obtained in less than 300 time steps, and the
complete calculation with 300 steps took about 30 min of CPU
time on a Prime 9950 minicomputer. For the low-Reynolds-
number approach, calculations were started with the final two-
layer solutions to accelerate the convergence and save
computing time. Fully converged solutions were obtained in
about 100 iterations, which took an additional 10 min of CPU
time.

Grid dependence of the solutions with the two-layer model
was examined by doubling the grid nodes in the radial direction
to 60 x 53". From Fig. 3 it is seen that the velocity profiles are
fairly insensitive, but the pressure distribution is in somewhat
better agreement with experiment after grid refinement. All
subsequent results were obtained with the coarser grid.

Figure 4 shows the calculated and measured velocity and
turbulent kinetic-energy profiles at three representative axial
stations. It is clear that all three approaches yield a nearly
identical mean-velocity field due, presumably, to the use of the
same turbulence model for the flow outside the near-wall re-
gion. The calculated turbulent kinetic energy, however, is
somewhat more sensitive to the near-wall treatment. The rela-
tive insensitivity of the pressure distribution, shown in Fig. 5,
is to be expected because of the insensitivity of the mean-
velocity field. The small differences that are observed are re-
lated to the different distributions of the normal stress vv
implied by the different near-wall treatments, as was discussed
in detail in Ref. 2.

Figure 6 shows the calculated and measured friction
velocities Ur. In order to understand these results, it is impor-
tant to note the different ways in which the wall shear stress,
and therefore, Ur, was determined. In the calculations with the
low-Reynolds-number and two-layer models, U^ was deter-
mined directly from the velocity gradient at the wall. On the
other hand, in the wall-function method, it is determined by
ensuring that Eq. (14) is satisfied at two grid points placed in
the fully turbulent layer. In the experiments, which employed
Clauser plots and Preston tubes, the validity of the usual loga-
rithmic law of the wall, without pressure gradient corrections,
Eq. (11), is assumed. While the differences in UT shown in Fig.
6 appear to be large and somewhat surprising, they can best be
understood by examining the near-wall velocity distributions
without reference to the wall shear stress. This is accomplished
by plotting the experimental and calculated velocity profiles in
the format of the Clauser plot (U vs log y). These are shown in
Fig. 7. Also included are some lines determined from Eq. (11),
with Ur as a parameter. Conformity of a calculated or experi-
mental profile with these parametric lines in some portion of
the near-wall region indicates the validity of the logarithmic
law. Figure 7 thus provides detailed insights into the results.

We again note that all three calculations give essentially the
same velocity distribution beyond some distance from the wall.

x=0.8308 x=0.8308

x=0.9093 x=0.9093

x-0.9874 x-0.9874

0.0 0.4 0.8 1.2
Uor-V

o.o ao 4.0 6.0
k no'3

Fig. 4 Velocity and turbulent energy profiles, afterbody 5. Symbols,
Experiment (7): ———, two-layer model; ———, low Re model;

. , wall functions.
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The calculations with wall functions appear to be in agreement
with the data even in the very thick boundary layer over the
propeller hub (x = 0.9874). However, the fact that these calcu-
lations also provide the best agreement with the "experimen-
tal" Ur in Fig. 6 is not particularly surprising because both the
calculations and experiments use the same empirical informa-
tion. Indeed, a closer examination of the measured velocity
profiles at the two downstream stations reveals that they are
not sufficiently detailed in the wall region to provide unmistak-
able evidence in support of the wall-function method. If the
velocity profiles calculated with the two near-wall models were
to be analyzed on the basis of the Clauser plots, it is clear that
they would also yield values of C7T in substantial agreement
with the "experimental" ones.

It should be noted here that in the present wall-function
method, Eq. (14) was employed only in regions of adverse
pressure gradients, and it is, at best, a local equilibrium ap-
proximation, i.e., it does not take account of any history
effects. Its use in favorable pressure gradients is rather restric-
tive, because, for even moderate pressure gradients, the re-
quired correction becomes unrealistieally large (giving negative
argument of the logarithmic term) at y + values which are too
small to be justified in a wall-function approach. In other
words, we conclude that the use of wall functions in flows with
moderate to strong favorable pressure gradients is question-
able. It is also of interest to note here that replacement of Eq.
(14) by Eq. (11) in the wall-function method in general leads to-
higher wall shear stresses in adverse pressure gradients and
poorer overall agreement with experiments. This further
justifies the need for a pressure-gradient correction in the wall
layer, and in fact the need to abandon the wall-function ap-
proach altogether for complex flows.

Figure 7 shows that the calculations with the low-Reynolds-
number model and the two-layer approach are in agreement
everywhere except in the buffer layer between the sublayer and
the fully turbulent region. The shear stresses calculated from

- Two-Layer Model
----- Low—Re Model

Wall-Function
o Experiment

Fig. 5 Pressure distribution, afterbody 5.

——— Two-Layer Model
----- Low-Re Model

Wall-Function
o Preston Tube
• Clauser Plot

0.8
X

0.9 1.0

the velocity gradients at the wall are also quite close except that
the two-layer model yields values closer to those determined
from wall functions in the region of adverse pressure gradients
(0.83 < x < 0.94). The velocity distributions predicted with
both near-wall treatments show a strong influence of pressure
gradient in the wall region, and an eventual breakdown of the
law of the wall. For example, the shape of the profile at
x =0.8308 indicates an influence of the favorable pressure
gradient that existed upstream, that at x = 0.9093 shows the
effects of the adverse pressure gradient, while that at
x = 0.9874 shows no logarithmic layer at all.

Finally, the results of the two-layer model are plotted in the
conventional inner-layer coordinates in Fig. 8, with f/T deter-
mined from the velocity gradient at the wall as the normalizing
parameter. This format provides a confirmation of the ability
of this near-wall turbulence model to reproduce the well-
documented universality of the near wall velocity distribution
in small pressure gradients. When the results of the low-
Reynolds-number model are plotted in a similar format, there
is considerable scatter, indicating that it is not entirely consis-
tent with experimental evidence. Figure 8 shows that the
velocity profiles predicted with the two-layer model deviate
gradually from the logarithmic line, upward in adverse pres-
sure gradients, and downward in favorable pressure gradients,
consistent with the type of equilibrium analysis which leads to
Eq. (14). Figure 8 also shows the breakdown of the logarithmic
region beyond x = 0.963 and, eventually, the destruction of the
buffer layer and sublayer in the neighborhood of the tail of the
body. The calculations in the near wake are qualitatively simi-
lar to those for the flat plate discussed in Ref. 2 with regard to

x-0.8308

0 I 2 3 4 5 B 7
log yR

x=0.9093

0 1 2 3 4 5
log yR

D6-

x=0.9874

Fig. 6 Friction velocity, afterbody 5.

0 1 2 3 4 5 6 7
logyR

Fig. 7 Velocity profiles in Clauser charts, afterbody 5: o , Experi-
ment (7); ———, two-layer model; ———, low Re model; . . . . . . .
wall functions; — . —, Eq. (11).
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the gradual erosion of the wall layer and the development to-
ward an asymptotic state.

From the results presented in Figs. 4-8, it would appear that
the present two-point wall-function method with pressure-gra-
dient corrections as well as the proposed two-layer model ac-
count for pressure gradient effects somewhat better than the
low-Reynolds-number model of Lam and Bremhorst. This ob-
servation is similar to that made recently by Rodi and
Scheiierer13 on the basis of solutions of the boundary-layer
equations in adverse pressure gradients.

Further comparisons between the low-Reynolds-number
model and the two-layer model are provided by the next exam-
ple, which involves a separation bubble. The wall-function ap-
proach could not be used in this case at least without further
approximations for reasons already discussed.

= 0.7039
= 0.7723
= 0.8131
-0.8418
= 0.8782
= 0.9044
= 0.9466
-0.9631
- 0.9796
= 0.9877
= 0.9959

— = Law of Wall

- 1 0 1 E 3 4 5 6 7

Fig. 8 Velocity profiles in wall coordinates.

— Two—Layer Model
- Low-Re Model

Experiment

0.9
X

Fig. 9 Pressure distribution, afterbody 5.

S: Experimental separation
R: Experimental reattachment

——— Two-Layer Model
—— Low-Re Model

o Experiment

Turbulent Flow with Separation: Afterbody 3
As noted earlier, afterbody 3 (shown in Fig. 2) was chosen to

test the performance of the near-wall models in.a flow involv-
ing separation. This case was favored over the ubiquitous two-
dimensional, backward- and forward-facing steps because it
involves the prediction of the location of separation as well as
reattachment, and questions concerning two-dimensionality of
the data are not as critical. The calculations for afterbody 3
were carried out in a manner entirely similar to that for the
previous case. In particular, the size of the solution domain, the
number of grid points, and the initial and boundary conditions
were all comparable. The results are presented in Figs. 9-12
also in a similar format. We shall discuss only the most impor-
tant features here.

Figure 9 shows that the pressure distribution is again insensi-
tive to the near-wall treatment over most of the body surface
and in the wake, and both models yield reasonably good agree-
ment with experiment. There exists a very small difference be-
tween the results of the two calculations at the tail of the body.
A similar difference is also seen in the previous case (Fig. 5).
For the purposes of the present paper, it suffices to note that
this difference stems from the manner in which the source terms
in the turbulence-model equations are treated in the numerical
cell surrounding the tail itself.

Figure 10 reveals that the wall shear stresses, obtained from
the velocity gradients at the wall with both models, differ con-
siderably in the region of adverse pressure gradients, as was
also observed in the previous test case. In fact, the low-
Reynolds-number model of Lam and Bremhorst predicts no
separation, whereas the two-layer model accurately predicts
the locations of separation as well as reattachment that were
observed with flow visualizations in the experiment. The veloc-
ity profiles plotted in Fig. 11 in the usual format show practi-
cally no difference between the two solutions. However, from
the Clauser plots of Fig 12, it is clear that the two models give
very different velocity distributions in the sublayer and the
buffer layer. The low-Reynolds-number model predicts much
higher velocities in these regions. Although the experimental
evidence is not conclusive, Figs. 12c and 7c suggest that even
the two-layer model tends to overestimate the velocities in the
inner layer, indicating a reduction in the turbulence length
scale. Further tests are required to study the origin of this
behavior.

x=0.795 x=0.915

x=0.954

0.0 0.4 0.8 12

0.6 0.7 0.8 0.9

Fig. 10 Friction velocity, afterbody 3.
Fig. 11 Axial velocity profiles, afterbody 3: o , Experiment (8);
———, two-layer model; ———, low Re model.
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Fig. 12 Velocity profiles in Clauser charts, afterbody 3: o,
Experiment (8); — . —, Eq. (11); ———, two-layer model; ———, low
Re model.

Concluding Remarks
A general numerical method for the solution of the fully

elliptic, Reynolds-averaged Navier-Stokes equations has been
used together with the k-z model of turbulence to examine the
performance of three different treatments of the flow very close
to a solid wall. The test cases selected include many features
which are present in practical flows, including strong pressure
gradients, surface curvatures, boundary layers and wakes, vis-
cpus-inviscid interaction, and separation. The results indicate
that a two-layer approach, which combines a simpler .one-
equation model for the near-wall flow with the two-equation,
k-s model for the flow beyond the wall layer, is quite successful
in economically resolving the most important features of such
flows. Its relative simplicity is attractive because additional
modifications and generalizations for such factors as curvature,
suction, blowing, wall roughness, unsteadiness, and three-di-
mensionality can be made. Accurate resolution of the flow in
the near-wall region through the solution of the continuity and
momentum equations, with a simple but realistic turbulence
model, is, we believe, an important first step in the solution of
complex three-dimensional flows. The two-layer model has
been employed by Richmond and Patel14 in a detailed investi-
gation concerning the effects of pressure gradients and surface
curvatures in two-dimensional turbulent flows.

From a computational perspective, the two-layer model is
easier to implement, with a relatively few grid points in the wall

layer, than the low-Reynolds-number models reviewed in Ref.
1. The two-layer approach is quite insensitive to grid spacing
and the number of grid points in the inner layer, and to the
location of the match boundary between the one- and two-
equation models of the inner and outer layers. It is expected
that other model combinations-can- be incorporated in such a
two-layer scheme.

The present numerical scheme did not experience any special
difficulty with the low-Reynolds-number model of Lam and
Bremhorst when it was incorporated after the two^layer solu-
tion had converged. However, some earlier calculations, in
which the model was employed from the beginning of the solu-
tion procedure, had indicated a tendency for breakdown.
While this may be regarded as confirmation of the experience
of other investigators, who have reported the need for many
more grid points in the near-wall layer, grid sensitivity, and
slow convergence of the solutions, we have not yet investigated
the numerical details of that model thoroughly enough to
provide a rigorous explanation. However, it appears to us that
the two-layer model outperforms the low-Reynolds-number
model, both from a numerical as well as a physical viewpoint.
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